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GEOMETRY is an abstract base class that derives from DOMAIN serving as a common programming interface for all
geometry types. An algorithm can call through a generic GEOMETRY pointer (address) and its functions will redirect to
variations available in the vtable. Derived types can also call static base versions of function overrides. Generic algorithms
operate on any geometry type through a unified base, greatly-improving code reuse and algorithm modularity. At its core, a
name, heterogeneous DATA record and revision:

std::string name; // name of the geometlry

DATA data; // scalar attributes, such as Position or SDF vectors
REVISION revision; // major and minor change counter

STRUCTURED* background{nullptr}; // ptr to background geometry (optional, see § 3.3)

REGIONS may be defined by the user or algorithms zero through D dimensions for manifolds X € R” , including:

REGIONS<GROUP> groups; // 0d node groups cf nodes
REGTONS<LNOP> loops; // 1d loops of edges
REGIONS<SURFACE> surfaces; // 2d surfaces of faces

REGIONS<VOLUME> volumes; // 3d volumes of cells
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Gradients of any scalar field | -x') can be sampled over K dual interfaces using Green’s Theorem [1]:

V@(}):ﬂ (})zi AA*[(l—a)q)(SE‘Haq)(i’ J+e(O(X)) (1)
A% = AV R

Where «=0.5 for median sampling. Equivalent code computes gradients for any geometry type and scalar parameter:

void GreenGaussGradient (CATAZ data, GEOMETRYZ geometry, PropertyKey val_pk){

VECTORE values = data(val_pk); // get data vector for scalar property
auto grad_pk = PropertyKey(va._pk, Gradient); // create a rewv pk by appending gradient modifier
VECTORZ gradient = data(grad_pk); // get data vector for gradient property
#pragma omp parz’lel for
fcr (int n = 0; n < geometry.nNode(); n++){ // iterate through all noces (parallel)
double vclume = geometry.volune(n); // get volume at target dual node
if (approxEqual (volume,0.)) // skip if volume is nearly zero
continue;
gradient.row(n) = VECTOR::Zero(l, geometry.D); // before first dual zerc out gradient
auto K = geometry.nNeighbor(n); // get number of neighbors for rode n
for (int k = 0; k < K; k++){ // iterate through interior neighbors of n
FACE face = geometry.getlntericrFace(n, k); // get the interior dual node face n-k
if (face.enpty()) '/ skip fragment if face is empty
continue;
int& ns = face.indices([1]; // fluy source node index (oppesing)
double interfaceValue = .5 * (values(ns) = values(n)); // compute interface value as average
for (auto d=0; d<geometry.L; d++) /! for each spatial dimension
gradient(n,d) += interfaceValue*face.areald /volume; // sum gradient using Green’s theorem
}
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5.2 Local & Global Coordinates

There is no preferred reference frame, but interacting systems require a common global frame. Positions (and spatial
vectors) within GEOMETRY are by convention described in untransformed local coordinates. One 3x3 (or 4x4)
homogeneous model matrix per domain provides the absolute transformation between local and global space

X global — M X,, . -Global coordinates for domain S are a product of local position with a global model matrix,
constructed from the recursive product of local transforms in hierarchy:

M= ] L, (31)

s=rool
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5.1 Heterogeneous Data — Regularity

DATA defines a map-like container that manages multiple VECTOR entries by Property Key. VECTOR consists of a master
host array, analogous device buffer, and revision integers for each. Property Key pk is a unique key composed of a property
attribute followed by any number of modifiers (to facilitate lexicographical look-up in DATA). A heterogeneous (CPU-
GPU) algorithm may have the following programming pattern:

Contiguous VECTOR representing element values within field ¢ ( _)?) can be accessed from DATA:

if ('data.contains(pk)) // check to see if data contains an entry for property key pk
return false; // if not, do something else
VECTOR& values = data(pk); // get a reference to values vector

Operate concurrently on host VECTOR using OpenMP C++:

double pi = Constants(PI) (0); // get global data constant, first entry
#pragma omp parallel for // perform mext for loop in parallel
for (int n=0; n<values.size(); n++) // loop through all values

values[n] = pi * c[n]; // perform some computation without write collision
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Synchronize VECTOR to device in preparation for heterogeneous processing:
values.revision++; // increment revision to indicate host vector has changed
// if device vector revision is less than host, update device vector

values.sync() ;

Algorithms and bound arguments consolidate code fragments into OpenCL program source. A kernel builder manages and
resolves variable names based upon bindings. The parallel portion of the above loop may generate CL equivalent:

// get this node (or element) index

const int n = get_global_id(0);
// perform some computation

values_arr[n] = pi_const * c_arr([n];
Instructions are invoked from a script able to execute C++ or OpenCL versions of the algorithm. After kernel launch and
processing, device values can be buffered back to CPU memory space using revision and synchronization:

values.device.revision++; // increment device revision to indicate buffer has changed
// if device revision is greater than host, update host vector

values.sync() ;
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5.4 Computable Elements

ELEMENT is defined as a discrete polyhedral simplex consisting of one or more node ELEMENT
vertexes and quadrature points, often generated through an automated construction A
process (e.g. mesh generator). In memory they can be represented in contiguous form,
enabling concurrent functions to return a single element in constant time while
processing. Access patterns remain universal for querying number of elements with
nElement, or returning an actual element with getElement functions, while underlying Illustration 10: Element Inheritance
machinery varies.

NODE EDGE FACE CELL

ELEMENT defines a virtual simplex with base member attributes with up to E indices:

std::array<int, E> indices; // indices of the nodes that constituent this element

int type; // simplex sub-type (Nodel, Tri3, Tet4)

int id; // region identifier to map surfaces, volumes, edges, etc.
glm::dvec center; // element barycenter position

NODE, EDGE, FACE, CELL derive from ELEMENT and append additional member attributes:

double NODE::volume; // dual-cell control volume around node
glm: :dvec EDGE: :length; // distance vector between two nodes
glm::dvec FACE::area; // area normal vector from barycenter

double CELL: :volume; // scalar volume
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5.6 Regions of Interest

Indexing multiple elements into regions allows users and algorithms to define and select

specific spaces (as a subset of the larger topology), such as required when applying POMAIN
boundary conditions to surfaces or immersive conditions within volumes, or simply for I B
export. Uniform access patterns across elements and regions enables efficiency in |
programming, computation, and user interaction. Inherited region types specialize 4

l

GROUP LOOP | |SURFACE|| VOLUME

definition of new attributes and functions specific to dimensionality d.

REGION inherits from DOMAIN, specializing as a collection of elements of similar ;”:S"??ﬁo" 121 Xegion
. . . nheritance

dimensionality (e.g. group of nodes, loop of edges, surface of faces, volume of cells): '

GEOMETRY* geometry; // ptr to parent that owns this region

int id; // identifier linked to elements with same id

string name; // assigned literal name

std::set<int> nodes; // unique node indices that comprise this region

int nElement, offset; // regions don’t store elements, but jump to entry via geometry
Region-Element-Simplex Compatibility

d Region Element Simplex

0 GROUP NODE Nodel

1 LOOP EDGE Line2, Line3**, Lined**

2 SURFACE FACE Tri3, Tri6*, Tri10**, Quad4, Quad8**, Quad9**

3 VOLUME CELL Tetd, Tet10*, Prism6*, Hex8, HeX20%*, HeX27**

* beta, **scheduled
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FEM

Vp(X)1=1 and $(A)=0 ae) FVM

Initial nodes are distributed across valid (positive or negative) SDF locations, followed by improvement taking an edge-wise
spring-truss analogy. Displacement is censtrained normal to boundaries, while nodes near SDF-defined surfaces iteratively
project to pragressively conform:

_0X)Ve

N

AX=""2E X e(0O(R)) (17)
IV of
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FEM
RBF ex: Nodes positions X  are projected onto the background grid with the standard basis potential ¢, (X ) resulting in net RBF
scalar potential function ¢ 5(') as the superposition of the fields around each node. This can be described as the
convolution of the standard potential with Dirac delta &, I:—)E:l for each node (with weights k, , if desired) : PIC
A' EEE BN
(%)= k,b,(%)*d,(X) (25)
n=0
Net force field f(i’) is determined from gradient of the potential function IIB?:! . Local forces are sampled at each
node and pseudo-physical mass is applied to impose a timescale:
y rp) .y (mx)
[(X)="Vo(R)=—= (26)

As an optimization, sum and gradients can be evaluated only locally around nodes. Non-linear second-order equation
emerges, harmonic in X

mx+mx+V ¢(%)=0 27
X )
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Virtual Function Table (vTable)

Spatial Common Functions

ICCFD10-145

Function Name | Description Arguments Domain = Geometry | Str'd  Grid | Tree Unstr’d | Network Mesh
build construction sequence V 0 ) ) O
se(tKernelSource  define CL kernel source incl, args, body, needed A 0 O 0]
setKernelArgs | set CL kernel arguments | args, kernel, prefix A 0 O | 0
clear clear contents V 0 0 (@) 0
envelope envelope nodes (w/wo mask) spatial, group, reset T

setMinMax set min and max position, reset F

getGlobal get global domain glm::mat F

delta difference between max and min F

center center position calculation E

contains contains position array positions T

contains contains position position \Y 0 0

volume total volume calculation V O O

intersects intersects ray test ray Vv O )

intersects intersects another domain domain \Y 0 0

position get position from node index index v 0 0 0
getElement* get element from element index | index, type A 0 0 0
nElement* get element count | type v 0 0 | 0
nNeighbor get node neighbor count index v 0 0 0
getAdjaceny get element adjacency index A 0]
sample sample values at position | position A 0 0O | 0
makeRegions make regions from elements elements T
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Numerics Summary

4 Numerics Summary

Type Characteristic Supported
Methods
Mesh closed simplex FEM, FVM,
RBF**
Network** open graph FEM, PIC**,
RBE**
Grid regular indexed FEM, FVM,
LBM*, FDM**
Tree** branch locations FVM, FDM**

Q assumes 64-bit-float, 32-bit integer index (~2B element max per geometry)

Spatial Resolution
(per dimension)Q2

1/e~10"
1/e~10"
{27 ~10°

230%109
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Spatial Temporal 10 Size RAM Speed-Up
Accuracy = Accuracy (B/element) (B/element)= (GPU/CPU)W
1,2 1,2, + 240-360 800-2400 11-17x
1 1 240-360" 800-2400" TBD
1,2, + 1,2, + 4 16-32 9-28x
1,2 1,2, + 16 16-32" TBD

W estimate based on single $1000 desktop with about 1M elements, see Appendix B [36]
[" estimate inferred on similar branch attributes and functions

= includes only geometry kernel CPU memory, not total applicaton memory, assumes 3d

2020 Predictions:

 Trees for far-field volumes and background sampling
e Grids and Meshes for near-field layers

e Networks for dynamic multi-physics
e All types required, interacting

. O(60) - O(50) . O(20)
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Eopickcompuivg - praliminary GPU/CPU Benchmarking

GPU Speedup Faclor Vs. Node Court for Grids
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GPU w/ good FP64
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Conclusion

e “Orthogonal” concepts leveraging computer science can potentially
unify traditional and experimental infrastructure with few downsides.

e 6K lines C++14, ~1/4 of server-side application

 Types have characteristic strengths and weaknesses, the union
forming a complete basis for systems analysis.

e More than five families of numerics were implemented called by
>100 algorithms. Novel methods underway.

e 50-fold less memory and 10 in structured vs unstructured,
suggesting comparable speed and size increases.

e Geometry kernel benefits can be overshadowed by poor solver
efficiency. Use higher-order (>2) unstructured strategically.
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